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Abstract

The Machenhauer non-linear initialization method as implemented at
NMC is shown to contain theoretical inconsistencies that probably explain
some of the convergence problems and restrictions that NMC has encountered.
The géneral remedy is to follow the Baer approach by (a) first‘setting
all fast mode.amplitudes to zero and then (b) doing only one Machenhauer
iteration. . Two exceptions to this prescription occur with intense oro-
graphic uplift and with intense release of latent heat. In these cases,
the large vertical velocities found in gravity waves Will'be needed to

get the correct starting field in step (a).



1. Background.

Machenhauer (1976) éuggested a way to eliminate "noise" from unwanted
high frequency oscillations in a numerical predictiéh. This was acéom—
plished by first considering the initial data as mapped onto the spatial
modes of a reference atmosphere. Each such_que has its own frequency
of oscillétion when it is acted on by the iinéarized equations of motion.
Witﬁ some discretion, these modes can £éwdivided,iﬁto |

S. ‘Slow modesb(small frequency) »
F., TFast modes (large frequehcy)'i
Roughly speaking, S consists of Rossby wa?eslép&aF of éravify waves.
One can write the full prediction equa£iéns Syﬁbolically, in

the following form:

o J

g._"_ﬂs,s -rg.poNL(F/.S)' | (1.1a)

S5 M

:vc‘JZFF +¢’PF-IVL/F;S) (_1.2)

S and F represent the amplitude of a slow and a fast mode, with frequencies
.I%sand.fﬁg, respectiveiy. NL represents the spatial field of all non-linear
tendencies. Pg and Py denote a projection of the latter field onto the
-spatial structure of mode S and mode F.

Previous initialization methods using normal modes of a reference
atmosphere had simply set F=0 . Machenhauer's extremely valuable
insight was to recognize that a better initial state might be obtained
through choosing F at t:’:ﬁ by ignoring the left side of (1.2):

F(t=¢) = _-{-’_’— P.eNLLFS) (1.3)
. E |



where F and S§ in NL(F,S) are obtained fro& the input analysis. This
single step turned out to be not quite‘satisféctOry in:Machénhgﬁéri§ll’
empirical tests. Té»imﬁrove the results, Machenhauer foﬁndgif useful
in his barotropic model to iterate this proééss:.

F(tz) = L P.-WL(F s)

1.4

mié) ‘127: (1.4)
Use of this method at NMC has been attended by considerable problems.

Most striking is the fact that (1.4) sometimes will not converge unless

it is restricted to the external and first internal vertical modes. Why

should this limitation exist, when the old-fashioned quasi-geostrophic

method (Phillips, 1962, p. 157) gives a unique non—iterative answer for

any detail in the vertical?

In this Note, I will illustrate two points that are implicit in the
published literature, but seem to merit stronger emphasis:
I. F in the NL term on the right sidé of (1.3) must be zero.
ITI. The iteration procedure (1.4) is not justified beyond
(1.3) unless accompanied by consideration of the left side of (1.2).
These requirements will be demonstrated by considering an extremely
simple model. This model will be analyzed in three ways:
a. Rossby number expansion of field variables.
b. Complete exact solution of the system.
c. Rossby number expansion of the normal mode equations.
The method is in the spirit of the approach by Baer (1977), but
should be much easier to understand. The results I and II are also

compatible with the conditions which Leith (1980) had to assume in order



to demonstrate that this form of the Machenhauer method was equivalent

to the conventlonal quasi-geostrophic system.
. Several exceptions that occur’ when AL /F) S) is large are

discussed briefly-in a closing section.

2. --Bardtropié Free Surface Model on a Constant f Plane.
The equations for this model will be linear, with a uniform basic

current, A4 :
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vy 90‘" , (2.1a)
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The ground has been assumed, for simplicity, to slope downward in the y-

N

direction at the rate d' — 'L so that (2.1¢) does not con-
tain a term arf dC’/J? . An alternate interpretation of (2.1) in
terms of a modal representation of a three~dimensional atmospheric model,
would be that it models the interaction between

(a) .{I, representing the lowest order vertical mode of longitudinal wave

number zero, with
. ¢t 0 af . . .

(b)  the variables, (—a,plélcorrespondlng to an arbitrary vertical

mode . and a single zonal wave numher;& . These are specified by the

choice of ﬂa and h:

. (2.2)
w v, ¢’ & explihy)



. ms@, vwith CQ -~ 320w &.g" ) would be an external mode.

The effect on « of the wave mode is obviously ignored, but is irrelevant

for this illustration. The terms on the right sides of (2.1) will

represent the NL field in équations (1.1) and (1.2). Although simple,

they imitate the most important and pi‘er\rras"iVé ‘non—linearity in the behavior
of the atmosphere. |

To simplify tﬁe notation and display the different approximation
procedures to define initial data, we make the variables non-dimensional
in the customary manner of the quasi-geostrophic expansion (Monin, 1958;

Charney, 1962; Phillips, 1962)

t - Uha)z - ew

| A Ry (2.3b)
S M-' M’/; (2.3c¢)
(2.3d)

poys
4= ¢ (h/ex) (220
Re = kﬁ /f (2.3£)
= hte?/f* (2-3¢)

The non-dimensional equivalents of (2.1) are

' | e %—‘:’.-uf + ?3‘ o -Ro 2% (2.4a)
| g °% »



® Ar
Roe X + A = —[2‘,-%._ , (2.4b)

M?%*"%;.‘ :‘.Qa_:_g" (2.4¢)

R,a is the Rogsby number, while & measures the squared ratio of the
length scale h"to the Rossby radius of deformation G/‘f

We shall assume that all these variables have a time behavior char-
acterized by the "slow" advective time ? , 1.e. that 5/9% is of

order unity. We also assume that 3/9f is of order unity, that e
o '

is small and that;‘is of order zero with respect to ’ZO . To simplify

the ensuing mathematics we then introduce the Fourier representation:
we Re [ume],
P n& £‘£ V,?)er‘f] , (2.5)
¢ Rve e’ ],
Fquations (2.4) can now be written as
e \} - U = ¢ Re \/,’; (2.6;)
Ro!-? +ive U -'-“-‘¢'RJ"H: (6w
Rel -¢cVeiveH =-iRell, (2.60)

where ( ’ denotesd()/it . The terms. on the rhs of these equations

are the "non-linear” interactions.



'»We first perform a conventional Qr expansion of (2.6) for the field
. variables, V, H,“ . Equations (2'; 6a) and (2.6b) both show that U is
.at most of orderﬂ?. If we set um, the parameter l?.o- would cancel in

(2.6a) and (2.6b). We will then have to deal only with

e R’ < hEY/$? 2.7

and only in (2.6¢c).

We carry out the quasi-geostrophic expansion by setting

o0
~
- s 2 (2.8)
[u[’k)’ V(t), H'lt’] - [ROUM ;le, Hﬁl]e y
Mo '
. where u‘ , etec. are functions oft . This yields the following approxi-

mation sequence upon substitution in (2.6):

- )

V = ¢U — V (2.9a)
m .
3 . ) (2.9b)
Hm = -t quav‘”m. » v

. . . . (2.92)

These are val_id'at all n for all ‘t , according to our assumptions.

At M9 , (2.9c) gives the geostrophic relation
Vo =7 H

. - (2.9a) and (2.9b) then give

(2.10a)



U
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RS

¢
=L Vo'f’y, (2.10)

# ®
co U, =7 [4‘ Hovl )z=(cV + ;‘/’) (2.10¢)
Together; théée'démonst:éte fhat‘“-

(2.11a)

L (eke)s (e, By ) e o

To go tbihigher order it is efficient to first combine (2.9a) and (2.9b)1:
\ A . » ’
(it+o) U, = [l{;q‘,‘. Hm)" (Vm-\’;h‘m) (2.12a)

/

and fewrite (2.9c) as
.
(Va-ve ) = Y -i b, . O

! ' 4

It then becomes immediateiy apparent by induction that the relations (2.1la)
and (2.11) hold for all orders of n. We therefore find from (2.8) that
the initial conditions for only "slow" time behavior in (2.4) or (2.6)

requires

Ult=e) :0/
V(t=o) = Jo Hi{t=e), (2.13)

1y is proportional to the divergence. (2.12a) is equivalent to the
quasi-geostrophic "omega equation” for this model, and (2.12b) to the
"balance equation”.



Let us now consider the complete behavior for arbitrary initial

values of U, V, H., This will tell us if (2.13) is correct. To do this

we must solve (2.6), in which the slow time assumption has not yet been.

enforced. We define the column matrix

-35. =2 (V, H,U)

(2.14a)

so that (2.6) can be written as

' ]
Ro X = -¢ B X (2.14D)

}

where 53 is the symmetric matrix
Re o -1
e R v | -

: -) ;‘ J; | Re

(2.14c)

(Thesdiagonalﬁaf termsiéome from theﬁ"non;linear"\advection terms.)

The !'th_:ree»feig'gnv?ldgs of B are o "
'}?_ Ra -'-.‘f;:;- e+ 3, , ‘(2.15b)
ﬂ’ = Ro -..\];7.: = Ro— ;]‘ o (2.15¢)

The frequencies in t units of system (2.14b) are given by ﬂ,'/ﬁlf‘ .

Yy

The parameter ? = -\1 L is recognizable as the frequency of an

internal grav1ty wave in the time units defined by 1: in (2.3a):



’Ao z .J.FQ "’ L]

—— = +R¢
e
feo b s , |

(2.16)

r——— S
= 1/ flahter £

The three normalized orthogonal eigenvectors have the following components

for the variables (V, H, U):

Jx‘*(: (\r;‘)') 0)/?0) (2.17a)
A, = (-1, Ve, ﬂ,)/\fi ﬂo) (2.17b)
a3 = ("')ﬁ/'ﬂo) /IE A . | (2.17¢)

(Note that these do not depend on Ro, and are identical with the eigen-.

vectors for B if Roze

The slow solution is that for 7' and.:gr‘.':

- %
(2.18a)
-¢t _ (2.18b)

(2.18¢c)

The quasi-geostrophic expansion of the field variables that resulted in

(2.13) as the initial conditions for U, V, and H has therefore determined
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precisely those initial conditions for which the complete equation (2.6)
will produce only the slow solution (2J8).
For comparison, we now examine the initialization problem solved in

(2.6)—(2.,13) .by using the normal mode approach. We express ‘t\: /2') as

Xta) s (Vir), Hee), uet))
o ~ | (2.19)
= Att) "f, -}_—@12)«:‘0“% 7/”4“.0‘; .

‘The eigenvectors.ﬂ'j are defined by (2.17). Here we emphasize that they are

also the eigenvectors of the resting reference state matrix:
o 0 -
B(Rwzo) = o o Vo
-1 Je o

(2.20)

It is in this sense that they are used in (2.19). Upon applying (2.19)

to (2.6), the following equations result

]
ol

- (2.21a)

@

]
i
..
)
L)
w
i
~'

— (2.21b)
Ro

» ‘.ﬁ .

4 = + Loy —e¥ (2.21c)

In more complicated systems, the -VG'J)'-('.ﬁ,"l. 1’ "non-linear"” terms would
couple these equations with one another.
We apply an expansion procedure similar to (2.8)-(2.12) with the same

.
requirement that ( ) is of order 1. Our model system is especially simple
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since each of (2.21) refers to only one model amplitude. The interesting

ones are (2.21b) and (2.21c). We define the small parameter

S= Re/3,, | (2.2

and again set up a power series needed to consider, for example, (2.21b):

oo

Ber): 2 B (4)8"

ME0

(2.22b)

(2.21b) becomes

S'é,..-.- —c'ﬂ -£8a8, o (2.220)

Insertion of (2.22b) gives, form= & , .., at all ‘Z,

ﬂm-: = -¢ ﬁm-‘. ﬂm-, ¢

(2.23)

Since.m' _starts wit‘h O,fhis immediately yields the conclusion
. B2) =0,

and then, by inductvi'koh, o .'i :

Uﬂ“ ‘t) =0,

A similar conclusion follows for '1“' {t) ». From this we conclude

that both # and Y must vanish in order to give only a slow time solu-

tion. At t:a » in particular, this means that the initial value of

V, H, and U are described bjr only the Jgr, eigenvector of (2.17a).

Thus we again get, correctly,
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(2.24)

. V(o) 2 J& Ho) 5 Ute)= 0,

as in (2.13).

Let us now consider the Machenhauer approach to the modal system
[ ]

(2.21b). 1In that approach ﬂ on the left side is completely ignored
»

and the second term (-'c ﬁ) on the rhs represents the projection onto

vector A"

A%

&

case his method gives rise to an iteration procedure (see equation (1l.4):

of the complete set of forecast time derivatives. In our

¢ %’2 ﬂ‘(“=‘,$;NL(%,€/)&):-¢'ﬂ1_ (2.25)

After a suitable number of iterations, ﬂ/ replaces the initial value of ﬁ

in the modal representation of the Anput data.

. Equation (2.25) has the solution

ﬂ_,[‘ ’ | 1;::——"":—- )z Be (2.26)

Wherbek" ﬂo is the projectioﬁ on*-ﬁ of j:he initially given A{ ft:‘) .
Having gone through the geostrophic expansion procedure (2.6)-(2.13),
the completé solution proceaurze (2;14)—(2.19), and the modal method (2.22)-
(2.24), we know ~thaj: Ehe éorrect soluf:ion to get onl}; the slow mode
solution isvthat'F should be zero. The Machenhauer techniques in this
simple case approaches the correct answer only if either the advective

frequency is small compared to the gravity wave frequency

| hisl < ./-FNLICQ, .(2.27)



. . - . w
or, if the input data already has no projection on ;%/‘z or - 3
= 0 =
ﬂ1-0 / 3?:0 . (2.28)

The version of the Machenhauer procedure in use at NMC does not use

(2.28). Therefore we can conclude that:

Much of the work done in the NMC Machenhauer iteration

scheme represents a laborious attempt to correct for the

failure to enforce (2.28) at the start of the process.

Iﬁ doing so it will fail to converge when (2.27) is violated. This can
easily happen for the high order internal modes that have small values
of ?0, in the Spherical three—dimensional set of normal modes.

A condition similar to‘(2;27) has also been encountered by Gollvik
(19865 in his study of initializatioh,on an equatorial fs —-plane. His

reportedﬁéfiteribh (p. 21) of ‘

‘é‘ * fre T
_ 4ala? -

corresponds to convergence only if

U< (% €% e = 4.y et

A second conclusion can be reached from (2.22¢c):

- Sé = "‘iﬁ “(‘.,5Lﬁ) ' (2.22¢)
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The left side is completely ignored in the Machenhauer iteration scheme.

In our simple model we have( seen that the correct solution was simply
ﬂ = ¢ .  Generalizing our view of this equation to a more general

' system requirés oniy thét the NL term-i&@ include not justp , but

" contributions from many other components. This more general form will be

gé = _‘tp *--‘_ JF(", f/ 5} e'fc) . (2.29)

F q’;w‘ill be of order zero. (But see Section 3.) In terms of an

expansion in‘ s

Bte) = Z ﬁ,,, {?)JMI (2.30)

neo
we obtain
.
= e S + ¢ ,
where E‘_' uses ﬂm_' N
At mef) we again get1
B, =0. (2.32)

At M =4 we obtain

1Daley (1978) removed the initial divergence in his tests. This amounts
only to making the difference @3-  equal to zero in (2.21)-(2.26). . 1t '
does not remove the sum a-r'y which represents the difference between
vorticity and the Laplacian of the geopotential field.
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o
ﬂ,"’ F;'l‘f'@ = F . (2.33)

o

This would be the first Machenhauer iteration if one started it with Pka .

But, at M2 R , we get
. F: L .
ﬁa"’ ,1‘¢3,=F;'+4F; (2.34)

The time derivative cannot generally be ignored after the first (corrected)
Machenhauer iteration. Our second conclusion is therefore

Even if the Machenhauer process is corrected by

starting with zero gravity mode amplitude, only one.> 

iteration is meaningful.

Further improvement must consider the {3 térm, and we would enter

upon the Baer approach.

3. Concluding Remarks.

.The purpose of this note 1is primarilYWtQ bOint_out‘how.the/Machenhéuef
method, as it has been‘implemented at NMC,‘muét.be changed. This correction
is only a first step. Some of the problems femaining in iﬁitialization are
as follows.

a. The cor'rect’choice of the M 20 field —- i.e. the fixed values
of the slow mode amplitudes —- is important. A variational analysis.is
desirabie in this step so that proper attention is paid to the relative
accuracy’of temperature, surface pressure, and wind data in the‘input

analysis, and to their accuracies in different geographic regions.



17

Daley (1978) has explored such an approach. However, his approach assumes
that the analysis weights are known very accuratelyl. The uncertainties in
them seem to me to justify combining the variational procedure only with
the first step in the initialization process, that of obtaining the (fixed)
amplitudes of the slow modes.

b. The effect of non-transient heating fields must be considered.
This is especially critical for the release of latent heat in low latitudes,
where this heating must be balanced by large upwérd vertical motions if
a slow time solution is to result. This creates a dilemna, since only
the fast modes have appreciable vertical velocity, and they have been
zeroed out in step (2.32). In these circumstaﬁces, moreover, F in (2.29)
will no longer be of order one. A speciél treatment is evidently needed
to get the fast modes needed to balance these intense heating fields. This
task will be simplified to the extent that only‘those "fast” modes having
maximum amplitude near the equator need be considered.

c. A similar problem will occur if orographic uplift creates
vertical velocities so large tﬁat the tendencies in NL can only be matched
by gravity waves (see Phillips, 1962, p. 138). These régions are scattered
oyér tﬁe globé and.their existehéé ﬁililyary from day to day depending on
the strength of the horizontai velocity perpendicular to the orographic
slope. ' Their interpretation is also confounded by the presence of large
vertical truncation'errbr near fﬁe tropopause in the computation of the
horizontal pressure force in sigma coordinates; A satisfactory treatment
of these regions in initialization will therefore be of necessity morvre

empirical than that needed to resolve problem b.

lHe does a variational technique in each step of a Machenhauer
(preferably, Baer) iteration.
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d. If the present NMC system is replaced by one or several Baer
steps, we may still expect some "convergence" problems even though (2.27)
is no longer relevant. For example, Daley (1978, p. 210; see also Tribbia,
1979) encountered difficulties in a barotropic model in’regions when the
ellipticity condition for the balance equation is Violéted;»“This is a
condition on smallness of the Rossby number in anticyclpnic vorticity, and
is relevant even in a barotropic model. Another condition in .synoptic

scale baroclinic motions will involve the Richardson number:
+ JJ«9 3.1

Although qu‘{ﬂ for normal synoptic motions, it can become 0(1l) in
sharp frontal zones. It can be even smaller when saturation exists in
air of mnearly uniform equivalent potential temperature., These are the
'situaiiéns which can give rise to ex;remely rapid baroélinic cyclogenesis
(andioﬁ smaller thap,ndrmal length‘ééales); we cannot expect routine
appli@ationvof non-linear initialization to be useful in these regions.
e. In initializatiqﬁ of the initial field for a real forecast,
fhe"goal is, to a considerable'eX?ent, cosmetic. This is because the
variational’analysis_(a,,above) will_éffect weather forecasts, while
(2.33)—(2;34) mostiy eliminate4diétiacting noise by anticipating the
dispersive adjustménts that would otherwise occur in the early part of
the forecast. But for the data assimilation system (the NMC "final
cyele"), the troplcal and subtropical moisture, mass, and momentum
fields are, because of laék of data, malnly determined by the "general
circulation” behavior of the forecast model used in the assimilation
cycle. For example, the mean meridional circulation in the atmosphere

and in the assimilation model moves moisture into the latitudes of the
e
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intertropical convergence zone. This circulation is forced by the fields
of heating, eddy transports, and friction. The first two of these will be

accounted for in the initialization process, if a satisfactory solution of

point b is achieved. Friction, while equally important to the heating overall,

operateé on larger horizontal space scales than does the tropical convective
heating. As such it prbbably does not destroy the condition F ns .t

in (2.29). Instead the problem here will be connected with the fact

that the normal modes being used are for a friction-less atmosphere, and
tend to have a maximum of horizontal velocity at the ground. These

would be completely inconsistent with a no-slip frictional boundary
condition at the ground, It rémains to be seen how well they can represent
the usual meteorological drag law, and FEkman-like ageostrophic circulations,

in low latitudes.
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